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HEAT-TRANSFER MEAsllREMENTS AT A MACH NUMBER OF 2 IN THE 

TURBULENT BOUNDARY LAYER ON A FLAT PLATE HAVING 

A STEPWISE TEMPERATURE DISTRIBUTION 

By Raul J. Conti 

SUMMARY 

An experimental investigation has been conducted at a Mach number 
of 2 to determine the effects of a step in wall temperature upon the 
heat-transfer characteristics of a turbulent, compressible boundary 
layer along a flat plate. 
the measurements, which were made under near-equilibrium conditions. 

A transient heating technique was used for 

The wall-temperature step caused sharp increases in heat-transfer 
coefficient downstream of the step, which were followed by a rapid decay. 
A maximum increase of 90 percent was measured, and generally good agree- 
ment with a theory by Ferrari was found. The application of this theory 
is analyzed in the appendix and it is shown that for the conditions of 
the present investigation the heat-transfer coefficient given by 
Ferrari's theory is essentially the same as that predicted by means of 
incompressible-flow theories. 

INTRODUCTION 

Whenever a stepwise wall-temperature distribution is encountered, 
substantial effects upon the heat-transfer coefficient should be expected 
downstream of the temperature discontinuity. 

Extensive work has been done at low speeds in the past (refs. 1 
to 4) toward the better understanding of this phenomenon, and it has 
been established that the heat-transfer coefficient goes through a 
large (theoretically infinite) discontinuity at the location of the tem- 
perature step and gradually decreases downstream as the boundary layer 
adjusts to the new wall-temperature condition. Past investigations 
have ,shown the longitudinal variation (x coordinate) of heat-transfer 
coefficient h after the step to be of the form 
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-b 

his 

for incompressible flow. The symbol his denotes heat-transfer coeffi- 
cient for a constant temperature plate, 
leading edge to the step, and a and b are constants. 

2 is the distance *om the 

Recently, renewed interest has been drawn to this problem, as 
encountered in compressible boundary layers, mainly because (1) modern 
vehicle configurations may include sections of different materials at 
different temperatures (for example, ceramics-to-metal skin joints) ; 3 
and (2) some transient techniques for heat-transfer measurements are 
based on the so-called "plug-type heat meter" where a temperature step 
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is also present which gives rise to appreciable errors. (See ref. 2.) 

The present work was undertaken to investigate this problem in 
supersonic flow. 

SYMBOLS 

C 

Cf 

h 

his 

Btu - 
lb 

specific heat of metal plate, 

skin- fr i c t i on coefficient 

X 

mean skin-friction coefficient, cf(x)dx 
X 

heat-transfer coefficient for step temperature distribution, 
Btu 

ft2- sec-OR 

heat-transfer coefficient for constant-temperature (isothermal) 
distribution, Btu 

ft2- sec-OR 

k thermal conductivity of air based on free-stream temperature, 
Btu 

ft-sec-OR 

K1, K2 defined by equations (A3) and (A5) ,  respectively 
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TW 
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qr 
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distance from leading edge to temperature step, ft 

free-stream Mach number 

reciprocal of exponent in power law for boundary-layer veloc- 
ity profile 

Nusse It number 

Nusselt number for constant-temperature (isothermal) plate, 
hi s "u - h 

Stanton number 

Prandtl number 

Reynolds number based on free-stream conditions and distance 
slong plate  

time, sec 

temperature, OR 

free-stream stagnation temperature, OR 

adiabatic wall temperature, % 

wall temperature, 91 

free-stream temperature, OR 

reference temperature (from ref. 12) 

longitudinal coordinate from leading edge, ft 

defined by the equation h i s ( x )  = (Constant) (x-') 

thickness of metal plate, ft 

lb density of metal plate, - 
cu ft 

T, - T, 
To - TCa 

recovery factor, 
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APPARATUS 

The present investigation was conducted in a Mach number 2 blow- 
down jet of the Gas Dynamics Branch, Langley Research Center. 
a square, +inch free jet with a stagnation-pressure range of 90 to 
140 pounds per square inch and a maximum stagnation temperature of 150° F. 
The Mach number in the test area is 2.00 f 0.02. 

This is 

The surface on which heat transfer was measured was the lower inner 
surface of a rectangulas channel mounted on an injection mechanism 
(fig. 1) operated by a pneumatic actuator. 
swing the model from a retracted position down into the airstream after 
operating conditions were reached in the jet. 
leading edge of the model was 1/2 inch from the end of the tunnel, and 
the testing surface was parallel to the airstream 11 inches below the 
center of the jet. 
(about 0.5 sec) was prohibitively large for the data-reduction method 
used, a cover was provided in order to shield the instrumented plate. 
During the injection process this cover was held in place by means of 
a vacuum and a rapid release was achieved by replacing the vacuum by a 
pressure. 

This mechanism was used to 

Once in position, the 

2 
Since the time involved in the injection operation 

Static-pressure measurements along the model showed that the Mach 
number was 2.00 f 0.04. A slight favorable pressure gradient existed 
such that &! = 0.018 per inch. Several stagnation-pressure levels 

Ax 
6 6 resulted in a local Reynolds number range of 0.4 x 10 

stagnation temperature was about 170' F and the magnitude of the wall 
temperature step was approximately 40' F. 

to 15 x 10 . The 

Discontinuous-Temperature Models 

The discontinuous-temperature models (models 1, 2, and 3; fig. 2(a)) 

Leading-edge thickness was about 0.010 inch 
A metal strip, 2 inches wide and 0.040 inch 

consisted of a fiber glass plastic flat plate 3/4 inch thick and having 
a fairly sharp leading edge. 
and the wedge angle was 200. 
thick and spanning the plate, was cast in the plastic at a different 
x-location for each model. The material of the metal strip was a 
bismuth-tin alloy (65-percent bismuth) having a density of 533.4 lb/cu ft, 
a specific heat of 0.0395 Btu/lb-%, and a thermal conductivity of 
0 .OOl7 Btu/ft-sec-9. 
thermal properties permitted a minimization of the errors arising f r o m  
heat conduction in the plate and was easy to cast on the plastic. 
eral thermocouples were attached to the back of this metal strip as 

This particular alloy was chosen because its 

Sev- 
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3 
7 
3 
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shown in figure 2. 
dimensional particles 0.003 inch high near the leading edge. 

Model 1 also had a roughness strip of three- 

Constant-Temperature Model 

The constant-temperature model (model 4; fig. 2(b)) was similar to 
the discontinuous-temperature models except that the metal slab covered 
the entire surface of the plate downstream of a 0.2-inch leading-edge 
reinforcement made out of plastic and steel. 
times used, the temperature along this model was essentially constant. 

For the short testing 

Recovery-Temperature Model 

The recovery-temperature model (model 5; fig. 2( c)) had several 
1/16-inch and 1/32-inch plug-type heat meters at several x-locations 
as shown in the figure. 
state conditions) the recovery temperature at the plate surface. 

This model was used to measure (under steady- 

A transient heating technique was used to measure the heat-transfer 
coefficient. For the step temperature models the technique consisted 
in introducing the model into the steady airstream and allowing the 
front plastic section to heat up to more than 90 percent of its tempera- 
ture potential (Taw - Troom) whereas the instrumented metal plate, 
shielded by the cover, remained at room temperature. 
cover resulted in (1) an x-wise step in wall-temperature distribution 
and (2) a timewise step forcing function. 
time history of the thermocouples on a high-speed oscillograph during 
the subsequent heating of the plate permitted the evaluation of the 

Releasing of the 

Recording of the temperature- 

kao+ Cr.n-rn.F@'nrr .-.nn@.F@4 --+ L.. --.-.-- re AI. E 1 7  --- u b . u v -  v I  U L L U I L - L  L ~ L A L A C ~ G A ~ ~  uy u c a i i D  UL ~ L A C  I O I I V W ~ T ~  eqiatioiii 

The recovery temperature Taw was measured with model 5 by 
leaving the model in the airstream until steady-state conditions pre- 
vailed. 
a function of the local Reynolds number. 

In this way, values of the recovery factor were obtained as 

For the constant-temperature model a sim3lm procedure wn,s followed, 
except that the cover shielded the entire bismuth-tin plate and about 
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half of the leading-edge reinforcement. The cover was released imme- 
diately after the model was in position. 
for the extraneous effects introduced by the leading-edge reinforcement. 

No effort was made to correct 0 

The main sources of error associated with these techniques are due 
to longitudinal conduction in the plate and normal conduction to the 
backing material. 
heat-transfer coefficient evaluated by equation (1) appear to be higher 
than its true value. In order to keep this error small, the tests were 

Longitudinal heat conduction in the plate makes the 

limited to short times (less than 0.15 second). Heat 
backing material (fiber glass plastic laminate) makes 
coefficient calculated with equation (1) appear to be 
true value. 

TREORY 

conduction to the 
the heat-transfer L 
lower than its 3 

7 
3 

Two theories were used for comparison with the present data. The 
skin-friction coefficient from Van Driest's turbulent flat-plate theory 
(ref. 5 )  was used in order to get the heat-transfer coefficient for a 
constant-temperature plate his through the modified Reynolds analogy 
of reference 6 (NSt = 0.6~~). 
predict the ratio 

Ferrari's theory (ref. 7) was used to 

h = -  ('1 step wall temperature 
(h) constant w a l l  temperature his 

It is shown in the appendix that this ratio is given by 

where n is the reciprocal of the exponent in the power law for the 
velocity profile in the boundary layer and K in this case is a function 
of 2/x, Mach number, and Tw/Taw (fig. 3)  whereas for the incompres- 
sible turbulent boundary layer over a flat plate K = 1. However, for 

0.6 < 

wide range of Mach numbers with an error in h/his 
cent. (See fig. 4.) 

< 1.4, K can be assumed to take on the value of unity for a 

of less than 2 per- 
Taw 

It is further shown in the appendix that, if the effect of the tem- 
perature step is approximated by assuming the boundary layer to begin 
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at the location of the step, that is, 
h(x) given by equation (2), this assumption results in overestimating 
both the heat-transfer coefficient and its slope The error in 
heat-transfer coefficient, presented in figure 5, might not be prohib- 
itively large for engineering applications. However, the error in slope 
given by 

his(x-2) is used rather than 

dh/dx. 

can be substantially larger. 

For the present investigation, values of TWITaw of about 0.95 were 
obtained, and equation (2) was used to predict the ratio 
n = 7.5. 

h/his for 

There is definite evidence that the boundary-layer transition 
occurred very close to the leading edge. 
measured with model 5 at several stations starting at 1 inch f r o m  the 
leading edge are plotted in figure 6 and they are seen to agree with 
previous experimental determinations for compressible turbulent boundazy 
layers. 
ther determined by means of a sublimation technique for transition vis- 
ualization described in reference 10. 
figure 7. 

Values of the recovery factor 

(See refs. 8 and 9 . )  Location of natural transition was fur- 

A typical pattern is shown on 

On the light of this evidence it was felt that there was no need 
to fix transition artificially on models 2 to 5. However, on model 1 
a boundary-layer transition strip consisting of distributed three- 
dimensional roughness 0.003 inch high was located next to the leading 
edge. 
was assumed to be turbulent from the leading edge. 

For the purposes of the present investigation, the boundary layer 

Pressure measurements showed that shock waves originating at the 
entrance of the channel (fig. 1) impinged onthe model at about 
x = 5 inches and therefore only the data at x < 5 inches are presented. 
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Corrections Applied i n  Data Analysis 

Two independent corrections were applied t o  the heat-transfer coeffi-  
c ient  evaluated by equation (1) i n  order t o  compensate f o r  the e r r o r s  
ar is ing from longitudinal conduction i n  the p l a t e  and normal conduction 
t o  the  backing. 

The correction fo r  longitudinal conduction was obtained by use 
of an unpublished method derived a t  the Gas Dynamics Branch of the 
Langley Research Center. This method assumes calorimetric heating 
across the p l a t e  and includes the e f f e c t s  of interference between aero- 
dynamic heat transferred t o  the p l a t e  and heat conducted i n  the p l a t e .  
The calculations were based on the measured gradient dh/dx and they 7 
show t h a t ,  f o r  the times involved i n  the t e s t s ,  the e r ro r  f o r  a l l  models 3 

L 
3 

i s  about 4 percent f o r  the f i rs t  s t a t i o n  ( c loses t  t o  the s tep)  
decreases t o  l e s s  than 1 percent t he rea f t e r .  

and 

The correction fo r  normal conduction t o  the backing material  was 

(See r e f .  11.) T h i s  cor- 
calculated by using the exact solution f o r  the t rans ien t  aerodynamic 
heating of a semi-infinite composite s lab .  
rection also accounts fo r  the f a c t  tha t  the thermocouples were located 
a t  the bottom surface of the metal p l a t e .  Computations show t h a t ,  f o r  
the tes t ing times involved, the r a t i o  of t he  measured heat-transfer 
coefficient t o  the corrected heat-transfer coeff ic ient  i s  a l i n e a r  func- 
t i o n  of the parameter h ' and var ies  from 0.77 t o  0.83. 

kplate 

Analysis of Results 

Figure 8( a) shows the measured, uncorrected heat-transfer coeffi-  
c i en t  a t  two typical  pressure l eve l s  compared w i t h  the  theore t ica l ly  
predicted values. Figure 8(b) shows the same values corrected f o r  
longitudinal conduction, normal conduction t o  the backing, and tempera- 
t u re  difference across the p l a t e .  Model 1 varies  appreciably from the 
r e s t  of t h e  models and these var ia t ions a r e  a t t r ibu ted  t o  the f a c t  that 
t h i s  par t icular  model w a s  extensively used i n  preliminary runs and w a s  
somewhat damaged. Good agreement w i t h  theory i s  found i n  the data of 
models 2 and 3. Increases of up t o  90 percent i n  the heat-transfer 
coefficient were observed as a consequence of the wall-temperature s t ep .  
Isothermal-model data appear t o  be consistently lower than theory by 
about 10 percent except f o r  s t a t ions  a t  4.5 and 5 inches which might 
be influenced by the shock pat tern.  Since the same sources of system- 
a t i c  measurement e r ro r s  a re  present i n  a l l  models, the p o s s i b i l i t y  of 
a similar e r ro r  i n  the data of models 1, 2, and 3 cannot be ruled out; 
it i s  f e l t ,  however, t h a t ,  even i f  t h i s  i s  the case, the present con- 
clusions are t rue .  
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Figure 9(a) shows a nondimensional plot of all the data, corrected 
for heat-conduction effects, compared with Van Driest's theory. Model 4 
is at an essentially constant w a l l  temperature whereas models 1, 2, 
and 3 include the effects of the wall-temperature step. 
has been faired through the data of model 2 at three pressure levels. 
It can be seen that these data do not follow the trend of the isothermal 
model (model 4) and they do not correlate at different presssure levels. 
This effect is present, to a greater or lesser degree, in all noniso- 
thermal models. 
figure 9(a) for models'l, 2, and 3 have been reduced to constant w a l l -  
temperature conditions by multiplying the Nusselt number by the ratio 
his/h given by equation (2). 
found to be in generally good agreement with the isothermal-plate the- 
O r y ,  and it allows correlation of the data obtained at different Reynolds 
numbers . 

A broken line 

In figure g(b) the values of the Nusselt number of 

This reduced Nusselt number has been 

CONCLUSIONS 

An experimental investigation has been conducted at a Mach number 
of 2 to determine the effects of a step in wall temperature upon the 
heat-transfer characteristics of a turbulent, compressible boundary 

layer along a flat plate under near-equilibrium conditions 

where Tw is the wall temperature and Taw is the adiabatic wall 
temperature . 

% 0.95 (z 
1 

An analysis of presently available theories yields the following 
conclusions: 

1. When the wall-temperature distribution on a flat plate having 
a turbulent boundary layer consists of a step function with the step 
located at a distance 2 f'romthe leading edge, the heat-transfer 
coefficient presents a theoretically infinite discontinuity at x = 2 
and gradually decreases thereafter according to the law 

(x 2 2 )  

where 

h heat-transfer coefficient for step-temperature distribution 

his heat-transfer coefficient for constant-temperature distribution 
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n reciprocal of exponent in power law for boundary-layer 
velocity profile 

2 distance *om leading edge to temperature step 

X longitudinal coordinate from leading edge 

For incompressible flow K = 1 and for compressible flow K is a fi n b -  

tion of 2/x, Mach number, and Tw/Taw. However, for 0.6 < TL < 1.4 
Taw L 
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and supersonic flow, a value of K = 1 
h/his of less than 2 percent. 

can be assumed with an error in 

2. This law has been validated in incompressible flow by several 
investigators. 

3 .  According to this law the heat-transfer coefficient falls off to 
within 10 percent of the constant wall-temperature value his at a dis- 
tance x = 1.82 from the leading edge. 

4. The h( x) distribution represented by the preceding equation 
is similar to the his(x-2) distribution, that is, the heat-transfer 
coefficient that would exist on an isothermal plate with the leading 
edge at the location of the step. However, the use of h(x) from the 
preceding equation yields lower values of the heat-transfer coefficient 
and the slope dh/dx than would be obtained by the use of his(x-Z). 

The experimental results of the present investigation, after suitable 
corrections were introduced to allow for heat-conduction effects, show 
satisfactory agreement with the theoretical equation for 
mum increase in the heat-transfer coefficient of 90 percent having been 
measured near the wall-temperature step. 

K = 1, a maxi- 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va., August 17, 1959. 
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ANALYSIS OF THEORIES PREDICTING HEAT TRANSFER WREN 

A WALL-TEMPERATURE STEP IS PRESENT 

The problem of a stepwise wall-temperature distribution on a flat 
plate having a turbulent boundary layer has been treated theoretically 
and experimentally by several authors for incompressible flow. 
refs. 1 to 4.) The most recent work is the analysis of Reynolds, Kays, 
and Kline (ref. 4) which includes a review of past work and can be sum- 
marized by the equation 

(See 

f 

For the present investigation Ferrari's theory (ref. 7) has been 
used to predict h/his in a turbulent compressible boundary layer. In 
the notation of this paper, Ferrari's formula can be written as: 

( A l l  
X - 

where cf(x) = cf(x)dx, 5 is a dummy variable of integration, 

and dTw/dE represents the arbitrary wall-temperature distribution. 

For the present case the integral in equation ( A l )  must be evaluated 
for a step wall-temperature function, and the following model is adopted: 



Under these conditions equation ( A l )  can be wri t ten as 

J 

Noting t h a t  fo r  the present model - dTw = 0 everywhere except a t  x = 2, 
dS 
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the latter reduces t o  
1 

L -I- - 

The problem has now been reduced t o  the evaluation of cf( 2) and cf(x). 
Although there  i s  l i t t l e  doubt a s  t o  how t o  evaluate 
w a l l  temperature i s  assumed t o  be constant for  
matter i s  the evaluation of cf(x)  
wall  temperature should be included. A s  a first approximation, Fer rar i  
neglected t h e  e f fec t  of the step,  that is, he assumed the w a l l  tempera- 
t u re  t o  have the constant value Tw(x) 
loca l  cf (x) w i t h  

c f ( 2 )  since the 
0 < x < 2, a d i f f e ren t  

where the e f f ec t s  of the s tep  i n  

everywhere and evaluated the 

It may be noticed tha t  t h i s  equation gives the skin-fr ic t ion coeff ic ient  
as a function of the cooling r a t i o  but leaves out the Mach number depend- 
ency. Under these assumptions, F e r r a r i ' s  r e s u l t  can be put i n  the  form: 

* 
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where 

In  the present paper an attempt has been made t o  bring i n  the Mach number 
dependency of 
temperature T' (ref. 12) is introduced, which gives 

K and i n  order t o  do so the Sommer and Short reference 

where 

provided the  assumption is  made t h a t  the viscosi ty  of air i s  proportional 
t o  (T)Oo8. 

Following F e r r a r i ' s  lead of neglecting, as a first approximation, 
the e f f ec t  of the s tep  upon 
equation (A2) yie lds  a f t e r  some manipulations 

cf, introduction of equation (Ab) i n t o  

where 

K2 .= 

Values of Kl(L, k) and %(?, 5, M) a r e  shown i n  figure 3 fo r  

n = 7.5. 
only.) It may be seen that the variation of K due t o  Mach number k 
is small compared w i t h  the variation due t o  

Taw 
(The Mach number range has been extended up t o  8 to show tFends  

TWIT,; therefore,  the values 
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from Fer ra r i ’ s  theory can be used instead of the more 

Taw 
accurate $($ L, M.) provided the r a t i o  h/his i s  not very sensi- 

t i v e  t o  var ia t ions i n  K. 

In order t o  evaluate the e f f ec t  of K upon h/his, a p lo t  of h/his 

i s  presented i n  f igure 4 fo r  several  r a t i o s  

Kl(L ”) of figure 3 .  For Tw/Taw ranging from 0.6 t o  1.4, a m a x i m u m  

difference of 2 percent i s  found i n  

TWITaw using the values of 

X’ Taw 

h/his. Therefore, the e f f ec t  of 
Mach number on K can be neglected over a wide range; furthermore, 

K can be taken as  1 fo r  a t  l e a s t  

(2-percent) e r ror  i n  the predicted values of 

0.6 < Tz < 1.4 with a very small 
Taw 

h/his .  

The e f f ec t  of the temperature s tep  upon the heat- t ransfer  coeff l -  
c ient  can be roughly estimated by assuming the boundary layer  t o  begin 
a t  the location of the s tep  (x = E ) ,  t h a t  is, using his(x-2) instead 
of h (x ) .  I f  t h i s  assumption is made and it i s  fur ther  assumed that 

his(x) = ( Constant)(x-2) ( A 6 )  

as i n  reference 5 ,  and 

according t o  the preceding considerations; the following expression i s  
obtained: 

[l - (2p-I~ 
(1 - q (A7  1 

which gives the theore t ica l ly  predicted e r ror  when the boundary layer 
upstream of the s tep  i s  neglected. 
a s  a function of x/2 
layer ahead of the s tep  r e s u l t s  i n  overestimating the  heat- t ransfer  
coeff ic ient .  This e r ror  i s  large i n  the  immediate v i c in i ty  of the s tep  

Figure 5 shows a p lo t  of equation (A7)  
whereby it can be seen that neglecting the boundary 

- ~ 

but, i f  z ( M, 2) - i s  about 0.16 or  l e s s  and x > 1 . 1 2 ,  the  e r ror  I s  of 
4 
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the order of 10 percent; therefore, might be used as a con- 
venient engineering approximation for h( x) . However, this approxima- 
tion gives a substantially larger error in the slope 

his(x-2) 

ah/& since 

b 
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Leading edge 

L-58-4047. 1 
Figwe  7.- Pat tern of acenapthalene c rys t a l s  after a 10-second run 

showing boundary-layer t rans i t ion  near leading edge. 
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Figure 9.- Nusselt number. M = 2; N- = 0.74. 
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